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Abstract. A scalar field dark energy candidate could couple to ordinary matter and photons,
enabling its detection in laboratory experiments. Here we study the quantum properties of
the chameleon field, one such dark energy candidate, in an “afterglow” experiment designed
to produce, trap, and detect chameleon particles. In particular, we investigate the possible
fragmentation of a beam of chameleon particles into multiple particle states due to the highly
non-linear interaction terms in the chameleon Lagrangian. Fragmentation could weaken the
constraints of an afterglow experiment by reducing the energy of the regenerated photons,
but this energy reduction also provides a unique signature which could be detected by a
properly-designed experiment. We show that constraints from the CHASE experiment are
essentially unaffected by fragmentation for φ4 and 1/φ potentials, but are weakened for
steeper potentials, and we discuss possible future afterglow experiments.
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1 Introduction
Even as evidence for the cosmic acceleration continues to mount [1–3], its cause remains a
mystery. The simplest dynamical explanation for this acceleration is a scalar field whose
vacuum expectation value (VEV) corresponds to a small but nonzero potential [4–7]. Such
a scalar could be a low-energy effective field associated with string theory or a modification
to gravity. In the absence of a symmetry forbidding such couplings, the scalar is expected
to couple to Standard Model particles, mediating effects including fifth forces and oscilla-
tion. Since these effects have not been observed, currently viable models include a non-linear
“screening mechanism” by which the scalar interactions are suppressed in high-density en-
vironments. Known screened models include: chameleons, which become effectively massive
at high densities, reducing the range of their fifth force [8–10]; dilatons [11] and symmetrons,
which decouple from matter through the Damour-Polyakov mechanism [12] and a symmetry-
restoring phase transition [13–15] in the symmetron case; and Galileons, whose non-canonical
kinetic terms effectively decouple them from matter at high densities [16].
Chameleon models have been shown to evade fifth force constraints in the
laboratory [17–28], the solar system [29–31], compact astronomical objects [32–35], and the
universe [36–45]. Photon-coupled chameleon scalars, which could be produced through pho-
ton oscillation in much the same way as axions, have thus far escaped detection in laboratory
“afterglow” experiments [46–52] as well as astronomical probes [53–55]. We are primarily
interested in afterglow experiments, which attempt to produce chameleon particles through
photon oscillation in a magnetic field. Trapped by their matter interactions, these chameleon
particles would oscillate back into photons even after the external photon source was switched
off, leading to a photon afterglow by which they could be constrained.
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On the other hand, questions have emerged regarding the stability of chameleon theo-
ries with respect to quantum corrections [56–59]. Ref. [60] showed that upcoming laboratory
bounds will soon detect or exclude all chameleons with small 1-loop corrections mediat-
ing gravitation-strength fifth forces at laboratory densities. Since quantum effects cause
chameleons to conflict with the predictions of Big Bang Nucleosynthesis [61, 62], viable
effective chameleon field theories must have cutoffs well below BBN energies of ∼ 1MeV.
Experiments seeking to test low-energy effective models such as chameleon dark energy must
consider these quantum effects.
Here we discuss another such quantum effect, the production by “fragmentation” of
many chameleon particles from fewer, higher-energy particles, in an afterglow experiment
such as CHASE [47]. Models with large fragmentation rates typically have matter couplings
large enough to satisfy the quantum stability bounds of [60], and fragmentation can be large
in models whose cutoffs are far lower than the BBN scale. Although fragmentation is not
predicted to be significant in CHASE for typical models, as we will show, it could provide a
distinct signature in upcoming experiments. Photons sent into an afterglow experiment at
one energy, after oscillation into chameleons which fragment, could emerge at lower energies
in a predictable way.
Previous work [52] attempted to quantify fragmentation by considering a single two-
body scattering event, with only limited success. Chameleons in an afterglow experiment exist
not as isolated particles, but as coherent states, which could fragment through their own mo-
mentum dispersion, through interactions with other wave packets, or through collision with
large chameleon sources such as the chamber walls. Working with coherent chameleon states,
we show here that fragmentation due to interactions of two wavepackets is the dominant con-
tribution. Nevertheless, the nearly classical nature of these coherent states means that when
the chameleon field is not substantially perturbed from its VEV, fragmentation is suppressed.
We then find that the fragmentation rate is unimportant over the parameter space excluded
by CHASE for the most commonly-considered potentials, Λ4 exp(Λ/φ) ≈ Λ4 + Λ5φ−1 and
λφ4/4!. However, there are regions in parameter space where fragmentation is large for
steeper potentials. Low-energy photons regenerated from fragmentation products would have
evaded detection by CHASE, whose photomultiplier tube (PMT) detector was insensitive to
energies below ∼ 1 eV, but could potentially be detected by upcoming experiments.
The paper is organized as follows. Section 2 describes the propagation of a coherent
chameleon wave packet in an afterglow experiment, as well as its oscillation to photons in an
external magnetic field. In section 3 we estimate the fragmentation rate due to momentum
dispersion in a coherent state or in the interaction of two such states. Section 4 applies these
results to afterglow experiments including CHASE, and section 5 concludes.
2 Semi classical propagation of photons and chameleons
2.1 Chameleons
Chameleons have been introduced to model the late time acceleration of the expansion of
the Universe [10] using a scalar field whose dynamics are governed by a potential V (φ) which
depends on a single scale Λ
V (φ) = Λ4f(φ/Λ) (2.1)
where Λ is determined by the present value of the dark energy, Λ4 = 3ΩΛ0H
2
0m
2
Pl where H0
is the Hubble rate now, i.e. Λ ∼ 2.4×10−12 GeV. Hence we require that when φ≫ Λ, f → 1
so that the dynamics mimic the presence of an effective cosmological constant given by Λ.
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Moreover, f is assumed to be decreasing and convex such that the second derivative of V is
positive guaranteeing that the mass of the scalar field (in the absence of matter) is positive.
The original chameleon corresponds to the choice [10]
V (φ) = Λ4 exp
((
Λ
φ
)n)
(2.2)
where n > 0. When φ≫ Λ, this behaves like a Ratra-Peebles model [4, 5]
V (φ) = Λ4 +
Λ4+n
φn
+ . . . (2.3)
where only the relevant terms have been kept. For such a model, dark energy is realised
when φ ≫ Λ which corresponds to a mass of the scalar field less than Λ, and therefore a
range larger (and in practice much larger) than 1mm where local tests of gravity are very
stringent. Hence this model of dark energy leads to the existence of a long range scalar force.
Fortunately, this force can be screened in the solar system when the chameleon couples to
matter. Indeed the presence of matter has a direct effect on the potential which becomes
Veff(φ) = V (φ) +
β
mPl
φ. (2.4)
This effective potential is drastically different from V (φ) as it possesses a density-dependent
minimum φ(ρ) with a mass m(ρ) which increases with the density of matter. This explains
why chameleons cannot be seen in the solar system as large a body develops a thin shell
which reduces the scalar field gradient in its vicinity.
Chameleons are coupled to matter via the rescaled metric g˜µν = e
2βφ/mPlgµν . As such
this implies that chameleons are not coupled to photons at the classical level, though a
photon coupling could of course be added to the action. At the quantum level, the coupling
of chameleons to fermions leads to a coupling whose origin follows from the non-conformal
invariance of the fermionic measure in the path integral [23, 63] (but see also [56, 58]). In
the following we shall take this coupling as
Sγ = −
∫
d4x
√−g φ
4Mγ
F 2 (2.5)
whereMγ is a coupling scale which is not fixed by the model. In the following, we will useMγ
(or, equivalently, βγ = MPl/Mγ) as a free phenomenological parameter which is constrained
by experiments such as CHASE.
2.2 Field equations
The propagation and coupling between photons and chameleons is well documented.
Chameleons can be produced by the Primakoff effect whereby photons of energy k interact
with a static magnetic field B to create a chameleon particle. We will focus on experiments
such as CHASE where a laser beam interacts with a magnetic field. In such situations,
the photon beam can be considered to be in a quantum coherent state. Due to the large
occupation number, or the large flux, of photons which form such a coherent state, one is
entitled to treat the incoming photons in a semi-classical way. This implies that the photon
wave packet obeys the linear Maxwell equations coupled to the chameleon field which is also
created as a coherent field. As such, after linearising the Klein-Gordon equation around a
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background value φ0 associated with the minimum of the effective potential in the gas where
photons propagate, the photon-chameleon system can be treated as a two level quantum me-
chanical problem with a transition probability from one state (the photon) to the other one
(the chameleon). This approximation is valid as long as the non-linearities of the chameleon
potential can be neglected and the chameleon-photon system remains coherent. Here, we will
revisit all this.
Let us expand the effective chameleon potential
Veff(φ) = Λ
4 +
Λ4+n
φn
+ β
φ
mPl
(2.6)
around the minimum φ0
Veff(φ0 + δφ) = Veff(φ0) + φ
4
0
∑
q>1
cq
(
Λ
φ0
)n+4(δφ
φ0
)q
(2.7)
where cq = (−1)q n(n+1)...(n+q−1)q! . We will identify the mass of the chameleon asm20 = d
2Veff
dφ2
|φ0
and the self-coupling λ = c4
(
Λ
φ0
)n+4
. The perturbation expansion is valid when all the
coefficients of the terms in the series (2.7) of order p > 2 are small. At leading order this
requires that φ0 & Λ and for higher order terms δφ . φ0. We will see how all the interaction
terms in δφq in this effective potential affect chameleon wavepackets and can lead to the
fragmentation of chameleons into less energetic ones. The fragmentation rate is sensitive to
how large the VEV φ0 is, how low the energies are compared to Λ and how small the classical
deviation δφ is with respect to φ0. The fragmentation rate can be small even when φ0 . Λ
provided δφ is small enough. In this case, no fragmentation occurs although the validity
of the effective potential must be questioned as quantum corrections can be large. In the
following, we shall always work in the perturbative regime. The Klein-Gordon equation reads
∂2δφ− ∂Veff
∂φ
(φ0 + δφ) = − B
Mγ
∂zAy (2.8)
where ∂2 = −∂2t + ∂2i . This is complemented with the Maxwell equation which reads
∂2Ay =
B
Mγ
∂zφ (2.9)
where the magnetic field B is in the x direction and the photons propagate along the
z direction.
As we are dealing with a quantum problem, these classical equations are replaced by
operator-valued equations in the Heisenberg picture:
∂2Aˆy =
B
Mγ
∂zδφˆ (2.10)
and the Klein-Gordon equation
∂2δφˆ− : ∂Veff
∂φ
(
φ0 + δφˆ
)
:= − B
Mγ
∂zAˆy (2.11)
where the canonical commutation relations are imposed too. The equations of motion are
normal ordered in order to remove tadpole singularities and to comply with the fact that
the interaction Hamiltonian of the system is normal ordered [64]. We will analyse the time
evolution of an initial photon coherent state and its mixing with the chameleon field.
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2.3 Coherent states and semi-classical treatment
We will tackle the photon-chameleon mixing in the canonical formalism and we thus expand
the fields in creation and annihilation operators aφ and aγ
δφˆ =
∫
d3k√
2ωφ
(
eik.xaφk(t) + e
−ik.xa†φk (t)
)
(2.12)
where ωφ(k)
2 = k2 +m20. Similarly we have for the photons
Aˆy =
∫
d3k√
2k
(
eik.xaγk(t) + e
−ik.xa†γk (t)
)
(2.13)
where the normalisation of the creation and annihilation operators will be discussed later,
in particular we shall see its relation with the coherence of the photon-chameleon system for
relativistic chameleons. These operators define a Fock space Ht at each time t which will
be unitarily related as long as the system remains coherent. We decompose Aˆy and δφˆ into
positive and negative frequency modes δφˆ = δφˆ+ + δφˆ−, Aˆy = Aˆ+ + Aˆ− where
δφˆ+ =
∫
d3k√
2ωφ
eik.xaφk(t), Aˆ+ =
∫
d3k√
2k
eik.xaγk(t) (2.14)
which satisfy nice properties when acting on coherent states defined as
|Ak >= exp
(
−1
2
∫
d3k|Ak(t)|2
)
e
∫
d3kAk(t)a
†γ
k
(t)|0 > (2.15)
and
|φk >= exp
(
−1
2
∫
d3k|φk|2
)
e
∫
d3kφk(t)a
†φ
k
(t)|0 > . (2.16)
Indeed these coherent states are eigenmodes of the annihilation operators aφk(t)|φk >=
φk(t)|φk >, aγk(t)|Ak >= Ak(t)|Ak > . This implies that the positive frequency parts of
the operators satisfy δφˆ+|φk >= δφ+, < φk|δφˆ− =< φk|δφ− where we have defined the
classical fields as
δφ+ =
∫
d3k√
2ωφ
φk(t)e
ik.x, δφ− =
∫
d3k√
2ωφ
φ∗k(t)e
−ik.x (2.17)
and
A+ =
∫
d3k√
2k
Ak(t)e
ik.x, A− =
∫
d3k√
2k
A∗k(t)e
−ik.x. (2.18)
As expected for coherent states, the averaged fields coincide with their classical values <
φk|δφˆ|φk >= δφ+ + δφ− ≡ δφ and < Ak|Aˆy|Ak >= A+ + A− ≡ Ay Let us come back to the
Klein-Gordon equation which reads now in terms of the non-linear interaction potential
∂2δφˆ− φ30
∑
q>1
qcq
(
Λ
φ0
)n+4
:
(
δφˆ
φ0
)q−1
:= − B
Mγ
∂zAˆy. (2.19)
This is a non linear equation due to the terms of order q > 2. Let us focus on the
non-linear terms first. As we have normal ordered these terms, we have :
(
δφˆ
)q−1
:=
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∑q−1
i=0 C
i
q−1δφˆ
i
−δφˆ
q−1−i
+ which implies that the quantum averaged value satisfies < φk| :(
δφˆ
)q−1
: |φk >= (δφ)q−1 This is a fundamental property which allows us to write the
averaged value of the Klein-Gordon equation in the state |φk >
∂2δφ− φ30
∑
q>1
qcq
(
Λ
φ0
)n+4(δφ
φ0
)q−1
= − B
Mγ
∂zAy (2.20)
which is nothing but the Klein-Gordon equation for the classical fields. This result is true
as long as one can neglect the time dependence of the coherent states |Ak > and |φk >. We
will see that this result holds as long as time t is less than the coherence time tcoh = k/4m
2
0.
2.4 Time evolution of the quantum operators
In the following we will first focus on situation where δφ/φ0 . 1 implying that the classical
Klein-Gordon equation can be linearised
∂2δφ−m20δφ = −
B
Mγ
∂Ay. (2.21)
Together with Maxwell’s equation
∂2Ay =
B
Mγ
∂zφ (2.22)
this leads to the time evolution of the quantum operators.
The system of linear equations can be diagonalised easily by introducing the vectors
vk(t) =
(
Ak(t)
iδφk(t)
)
(2.23)
such that the mode equations become
− ∂2t vk = Ukvk (2.24)
where the evolution is defined by the matrix
Uk =
(
k2 − BkMγ
− BkMγ k2 +m20
)
. (2.25)
One can diagonalise this evolution matrix as Uk = P
TDP where the mixing matrix reads
P =
(
cos θ − sin θ
sin θ cos θ
)
(2.26)
and the mixing angle is defined as
tan 2θ =
2Bk
Mγm20
. (2.27)
The eigenfrequencies are defined by the diagonal matrix
D =
(
ω2− 0
0 ω2+
)
(2.28)
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corresponding to the eigenmodes of the system
ω2± = k
2 +m2
cos 2θ ± 1
2 cos 2θ
. (2.29)
The associated eigenvectors are identified with uk(t) = Pvk(t) from which we can select the
right moving solutions uk(t) = E(t)uk(0) where the evolution operator is given by
E(t) =
(
e−iω
2
−t 0
0 e−iω
2
+t
)
(2.30)
and therefore the classical solutions are such that
vk(t) = P
TE(t)Pvk(0) (2.31)
where initially there is no mixing between the photons and the chameleons and the fields are
canonically normalised
vk(0) =
(
Ak
iφk
)
, (2.32)
here Ak and φk are the initial Fourier modes of the photon and chameleon waves. This
implies that the right moving solutions evolve according to(
A+(t)
iδφ+(t)
)
= P TE(t)P
(
A+(0)
iδφ+(0)
)
(2.33)
which corresponds to the equality between coherent states
(
Aˆ+(t)
iδφˆ+(t)
)
|Ak > ⊗|φk >= P TE(t)P
(
Aˆ+(0)
iδφˆ+(0)
)
|Ak > ⊗|φk > (2.34)
where we have used the fact that the coherent states have a negligible time evolution for t
less than the coherence time. Therefore we find that the evolution of the quantum operators
in the Heisenberg picture is given by
(
Aˆ+(t)
iδφˆ+(t)
)
= P TE(t)P
(
Aˆ+(0)
iδφˆ+(0)
)
(2.35)
together with their complex conjugates
(
Aˆ−(t)
−iδφˆ−(t)
)
= P TE†(t)P
(
Aˆ−(0)
−iδφˆ−(0)
)
. (2.36)
We have introduced the initial operators
δφˆ+(0) =
∫
d3k√
2ωφ
eik.xaφk (2.37)
and
Aˆ+(0) =
∫
d3k√
2k
eik.xaγk (2.38)
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defined by the annihilation operators aγ,φk . Using all these results we obtain that the annihi-
lation operators evolve according to
aγk(t)√
2k
=
(
cos2 θe−iω−t + sin2 θe−iω+t
) aγk√
2k
+
sin 2θ
2
(
e−iω+t − e−iω−t) iaφ√
2ωφ
(2.39)
and
iaφk(t)√
2ωφ(k)
=
(
cos2 θe−iω+t + sin2 θe−iω−t
) iaφk√
2ωφ(k)
+
sin 2θ
2
(
e−iω+t − e−iω−t) aγ√
2k
(2.40)
for the evolution of the operators and
Ak(t)√
2k
=
(
cos2 θe−iω−t + sin2 θe−iω+t
) Ak√
2k
+
sin 2θ
2
(
e−iω+t − e−iω−t) iφk√
2ωφ(k)
(2.41)
iφk(t)√
2ωφ(k)
=
(
cos2 θe−iω+t + sin2 θe−iω−t
) iφk√
2ωφ(k)
+
sin 2θ
2
(
e−iω+t − e−iω−t) Ak√
2k
(2.42)
for the amplitudes. We can now check that the equal time commutation relations[
aγ,φk (t), a
γ,φ
k′ (t)
]
= δ(3)(k − k′) (2.43)
are only satisfied when k ≫ m0. In this case, all the Hilbert spacesHt are unitarily equivalent.
To leading order, we find that when the mixing is small
ω2+ − ω2− =
m20
cos 2θ
(2.44)
and therefore
ω+ ≈ ω− + m
2
0
2ω− cos 2θ
. (2.45)
Starting from no chameleon initially, we find that
φk(t) ≈
(
sin 2θ sin
t
tcoh
)
e−iω−tAk (2.46)
when k ≫ m0. This gives the usual transition probability from one photon state to a
chameleon state
Pγ→φ(t) = sin
2 2θ sin2
t
tcoh
(2.47)
with tcoh =
4ω− cos 2θ
m20
. Notice that, to leading order, Ak(t)a
†γ
k (t) is time independent for
t . tcoh implying that our assumption was justified and the coherent states remain coherent
all this time.
3 Fragmentation
3.1 Fragmentation to lowest order
The evolution of the operators and the states that we have considered so far correspond,
in the interaction picture, to the states and the operators evolving with the part of the
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Hamiltonian which does not include the interaction terms. In fact the evolution operator in
the interaction picture can be written as
U(t) = exp
(
−i
∫ t1
t0
dtHint
)
(3.1)
where the interaction Hamiltonian is
Hint = φ
4
0
∑
p>2
cp
(
Λ
φ0
)n+4 ∫
d3x :
(
δφˆ
φ0
)q
: . (3.2)
To leading order we have
U(t) = 1− i
∫ t1
t0
dtHint (3.3)
where we shall focus on one particular interaction term
Hq = cqφ
4
0
(
Λ
φ0
)n+4 ∫
d3x :
(
δφˆ(x, t)
φ0
)q
: . (3.4)
We are interested in the transition probability between the initial chameleon-photon state
|Ak(t0) > ⊗|φk(t0) > and the final chameleon-photon state where one free chameleon has been
created with momentum k1, |Ak(t1) > ⊗a†φk1(t1)|φk(t1) >. To leading order we can omit the
photon part of the state and consider the transition between |φk(t0) > and a†φk1(t1)|φk(t1) >
where w+ ≈ wφ. Let us first evaluate the matrix element of the interaction part of the
Hamiltonian
< φk(t1)|aφk1 : φˆq(x, t) : |φk(t0) >≈
q∑
i=0
Cjq < φk(t0)|aφk1 φˆ
j
−(x, t)φˆ
q−j
+ (x, t)|φk(t0) > (3.5)
where we have neglected the time dependence of the states and to leading order
φˆ+(x, t) =
∫
d3k√
2ωφ(k)
e−iωφ(k)t+ik.xaφk . (3.6)
Using the commutation relation
[
aφk1 , a
†φ
k2
]
= δ(3)(k1 − k2), and
[
aφk1 , φˆ−(x, t)
]
=
eiωφ(k1)t−ik1.x√
2ωφ(k1)
(3.7)
we find that
< φk(t1)|aφk1(t1)φˆ
j
−(x, t)φˆ
q−j
+ (x, t)|φk(t0) >
≈ jφ−(x, t)j−1φ+(x, t)q−j e
iωφ(k1)(t−t1)−ik1.x√
2ωφ(k1)
+ φk1(t1)φ−(x, t)
jφ+(x, t)
q−j (3.8)
and therefore
< φk(t1)|aφk1(t1) : φˆq(x, t) : |φk(t0) > (3.9)
≈
q∑
j=0
Cjq jφ−(x, t)
j−1φ+(x, t)
q−j e
iωφ(k1)(t−t1)−ik1.x√
2ωφ(k1)
+ φk1(t1)φ−(x, t)
jφ+(x, t)
q−j
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leading to
< φk(t1)|aφk1(t1) : φˆq(x, t) : |φk(t0) >≈ q(δφ(x, t))q−1
eiωφ(k1)(t−t1)−ik1.x√
2ωφ(k1)
+ φk1(t1)(δφ(x, t))
q.
(3.10)
We have consistently assumed that the states evolve slowly, which requires that |t1 − t0| ≪
tcoh. As a result we have, to leading order,
< φk(t1)|aφk1(t1)U |φk(t0) >≈ φk1(t1)
(
1− icqφ40
(
Λ
φ0
)n+4 ∫
d3xdt
(
δφ(x, t)
φ0
)q)
− iqcqφ30
(
Λ
φ0
)n+4 ∫
d3xdt
(
δφ(x, t)
φ0
)q−1 eiωφ(k1)(t−t1)−ik1.x√
2ωφ(k1)
. (3.11)
The first term corresponds to transition probability from one photon to one chameleon renor-
malised by the presence of the interaction term. The second term is the result of the non-linear
interaction in the potential.
3.2 Monochromatic chameleons
To go further, we now focus on monochromatic photon beams in the initial state. In this case,
Ak =
√
2k⋆Aγδ
(3)(k − k⋆) (3.12)
where k⋆ is the energy of the beam. Similarly we have
φk(t) = sin 2θ sin
(
t
tcoh
)
e−iktAγδ
(3)(k − k⋆) (3.13)
and therefore
δφ(x, t) = sin 2θ sin
(
t
tcoh
)
eik⋆.x−ik⋆tAγ (3.14)
for a plane wave representing the time evolution of the classical chameleon field. In this case
the renormalisation contribution in
∫
d3xdt(δφ(x, t))q vanishes. Subtracting the contribution
from the free evolution of the system, we have the part of the matrix element∫
d3xdt
(
δφ(x, t)
φ0
)q−1 eiωφ(k1)(t−t1)−ik1.x√
2ωφ(k1)
≈ e
−iωφ(k1)t1√
2ωφ(k1)
(
δφ
φ0
)q−1
(2π)4δ(3)(k1 − (q − 1)k⋆)δ(ωφ(k1)− (q − 1)ωφ(k⋆))
where we have taken into account that the variation of the exponential is much faster than
the one of sin
(
t
tcoh
)
when k ≫ m0 and we have
δφ = sin 2θ sin
(
t⋆
tcoh
)
Aγ (3.15)
where t⋆ is a typical time between t0 and t1. This result simply expresses that the chameleon
can only be created with an impulsion (q − 1)k⋆. This can be understood from a Feynman
diagram point of view as saying that one chameleon has been created from (q − 1) photons
extracted from the coherent state all with a momentum k⋆.
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We can generalise this result to changes in the particle number greater than one. Con-
sider the fragmentation process happening when the state (
∏p
i=1 a
†φ
ki
(t1))|φk(t1) > is created
thanks to the operator : φˆq(x, t) :. In this case we obtain a matrix element of the form
− iaq,pcqφ4−p0
(
Λ
φ0
)n+4( p∏
i=1
e−iωφ(ki)t1√
2ωφ(ki)
)(
δφ
φ0
)q−p
(2π)4δ(3)
(
p∑
i=1
ki − (q − p)k⋆
)
× δ
(
p∑
i=1
ωφ(ki)− (q − p)ωφ(k⋆)
)
(3.16)
where aq,p = q(q − 1) . . . (q − p + 1). This expresses the fact that p chameleons are created
from the 4-momentum (q − p)k⋆. Taking the square of this matrix element and integrating
over the momenta ki, we obtain a probability per unit time and unit volume
dP
V dt
= c2qa
2
q,pφ
8
0
(
Λ
φ0
)2n+8(δφ
φ0
)2(q−p) ∫ p∏
i=1
d3ki
2ωφ(ki)φ
2
0
(2π)4δ3
(
p∑
i=1
ki − (q − p)k⋆
)
× δ
(
p∑
i=1
ωφ(ki)− (q − p)ωφ(k⋆)
)
. (3.17)
This is very easily interpreted noticing that the coherent state provides a momentum (q−p)k⋆
which fragments into p chameleon momenta. In the frame where the initial chameleon is at
rest (which exists as the chameleon is massive) and k⋆ = (m0, 0, 0, 0), we see that changes in
the particle number in a perfectly monochromatic state are possible only when q ≥ 2p. That
is, chameleons in such a state can only be destroyed, not produced. Nevertheless, the rates
of such processes is instructive as the created chameleons are free particles emerging from
the initial coherent state. The phase space integral can be estimated as
V −1
dP
dt
(t0) ∼ φ40
(
Λ
φ0
)2n+8(δφ
φ0
)2(q−p)(m0
φ0
)2(p−2)
(3.18)
which depends on t0 via t⋆. This result must be averaged over t∗ in order to get the total
probability per unit volume and time of creating p chameleons from the laser beam. As t∗ ≪
tcoh, averaging is equivalent to averaging t
2(q−p)
⋆ , i.e. introducing a factor of 1/(2(q − p) + 1)
and t⋆ = L in a cavity experiment where the volume V is the length L times the beam
section S.
Evidently from (3.18), processes which change the particle number in a chameleon beam
are suppressed when:
1. the VEV is large, |φ0| ≫ Λ, corresponding to the perturbative regime;
2. the oscillation amplitude is small, |δφ| ≪ |φ0|, implying fewer available chameleon
particles; or
3. the available center-of-mass energy is small, E ≪ |φ0|, limiting the phase space for such
processes.
We will see that these three conditions apply more generally to states with a nonzero mo-
mentum dispersion, as well as to interactions between two coherent states.
– 11 –
J
C
A
P02(2014)018
3.3 Chameleon wave packet
Let us start with some simplifying assumptions. First, we approximate the momentum scatter
by assuming two equal chameleon populations of slightly different momenta. Rather than a
rest frame, there exists a centre-of-momentum (CM) frame in which the chameleon momenta
are ~k± = (E, 0, 0,±σ)T with E2 = m20 + σ2. Second, we turn off the photon-chameleon
oscillation after the chameleon amplitude has built up to some value δφ0, as obtained at the
end of an optical cavity.
We then take
φ~k(t) =
√
2Eδφ0δ(kx)δ(ky)× 1
2
[δ(kz − σ)− δ(kz + σ)] (3.19)
as a first step corresponding to a wave packet comprising two monochromatic waves. More
generally, a wave packet with a symmetrical distribution g(kz/σ) centred around 0 and with
a width σ can be obtained as
φ~k(t) =
∫ ∞
0
dsg(s)
√
2Eδφ0δ(kx)δ(ky)× 1
2
[δ(kz − sσ)− δ(kz + sσ)] (3.20)
with E2 = m20 + s
2σ2. As the distribution functions g are of order one and converge to zero
at infinity, the simpler calculation with two δ functions gives us the right order of magnitude
for the decay rate.
Then the fragmentation probability per unit volume and time becomes
dP
V dt
= c2qa
2
q,pφ
8
0
(
Λ
φ0
)2n+8(δφ0
2φ0
)2(q−p)∫ p∏
i=1
(
d3ki
2ωφ(ki)φ
2
0
)
(2π)4δ
(
p∑
i=1
ωφ(ki)− (q − p)E
)
× δ
(
p∑
i=1
kix
)
δ
(
p∑
i=1
kiy
)
q−p∑
j=0
Cjq−pδ
(
(2j + p− q)σ −
p∑
i=1
kiz
)
. (3.21)
Each term represents the fragmentation into p chameleons whose momenta along the z axis
vary between (p− q)σ and (q − p)σ.
Such a process involves q chameleons where (q − p) emerge from the coherent states
while p free chameleons appear due to the interaction in the Hamiltonian Hq. The number
of created chameleons is
∆Nq = 2p− q (3.22)
which can be very large. In the following, we will estimate the probability per unit
volume and time for the two cases σ ≪ m0 (low momentun scatter) and σ ≫ m0 (high
momentum scatter).
3.3.1 Low momentum scatter
First, consider the case σ ≪ m0. This is particularly appropriate for cavity experiments
such as CHASE since σ ∼ 2× 10−5 eV and m0 ≫ 10−5 eV in a chamber a few centimeters in
radius. In this limit, ωφ(ki) = m0 + k
2
i /(2m0), so the energy delta function becomes
δ
(
p∑
i=1
|~ki|2/(2m0) + (2p− q)m0 − (q − p)σ2/(2m0)
)
. (3.23)
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This restricts the volume of integration to a (3p−1) dimensional sphere whose radius squared
is (q−p)σ2−2(2p−q)m20. The kix delta function further restricts the integration volume to a
plane in ki-space which passes through the origin, meaning that it lowers the dimensionality
of the sphere by one without changing the radius; the same is true of the kiy delta function.
Meanwhile, the kiz delta function restricts integration to a plane which passes a distance
|2j + p− q|σ/√p from the origin. The final result is a (3p− 4)-dimensional sphere of radius
κj =
√
(q − p)σ2 − 2(2p− q)m20 −
(2j + p− q)2
p
σ2, (3.24)
with the phase space integral vanishing for imaginary κj .
Clearly the most kinetic energy will be available for j ≈ (q−p)/2, that is, equal numbers
of left-moving and right-moving particles. Then κj will be real if q − p ≥ 2(2p − q)m20/σ2.
Suppose that the increase in the total number of particles, 2p − q, is just one. For instance
when σ = 2× 10−5 eV and m0 = 2× 10−3 eV ∼ Λ we have q − p ≥ 20000 which corresponds
to a very large number of chameleons.
Carrying out the integral in (3.21), we find
dP
V dt
= c2qa
2
q,pφ
8
0
(
Λ
φ0
)2n+8(δφ0
2φ0
)2(q−p) 32π(3p+5)/2m0
(2m0φ20)
pΓ
(
3p−3
2
) q−p∑
j=0
Cjq−pκ
3p−5
j
= c2qa
2
p,q
φ80m0
κ5j
(
Λ
φ0
)2n+8(δφ0
φ0
)2(q−p) 32π5/2
Γ
(
3p−3
2
) q−p∑
j=0
Cjq−p
22(q−p)
(
π3/2κ3j
2m0φ20
)p
. (3.25)
Since p and q − p can be very large, we must ensure that this expression does not diverge
as p, q →∞. This implies that |δφ0/φ0| must be sufficiently small. On the other hand, n is
fixed, so φ0 can be smaller than Λ without the fragmentation rate diverging. Of course, φ0 ≪
Λ implies large quantum corrections to the potential, hence corrections to the phase shift
associated with chameleon reflection from walls, but afterglow experiments are insensitive to
this [52].
In order to put an upper bound on fragmentation due to nonzero σ, let us assume that
p and q − p are large but 2p − q = 1, so that exactly one new particle is created. Since
p ≈ q − p, κj ≈ p1/2σ, and we have
dP
V dt
.
32π2√
3
φ80m0
σ5
(
Λ
φ0
)2n+8(δφ0
φ0
)2p c22pa22p,p
p3
[
2eπσ2
3
(
2m0φ20
)2/3
]3p/2
. (3.26)
The total fragmentation rate is obtained by summing over all p. Assuming δφ0 . φ0, this
sum will converge if the quantity in square brackets is less than unity, that is, if
σ .
√
3
2eπ
(
2m0φ
2
0
)1/3 ∼ m1/30 φ2/30 . (3.27)
Furthermore, if δφ0/φ0 ≪ 1, then the sum will converge for
σ . |δφ0/φ0|−2/3m1/30 φ2/30 . (3.28)
This can be a considerably weaker condition than (3.27).
– 13 –
J
C
A
P02(2014)018
3.3.2 High momentum scatter
Next, consider the limit σ ≫ m0. This could apply, for example, to a relativistic standing
wave or to two separate chameleon pulses passing through one another. In this case the
integral in (3.21) is more difficult to evaluate. By dimensional analysis, we can estimate
dP
V dt
∼ c2q
φ80
σ4
(
Λ
φ0
)2n+8(δφ0
φ0
)2(q−p)(σ2
φ20
)p
. (3.29)
At large p and q−p the summation over such terms diverges unless δφ0 and σ are sufficiently
small. Assuming, as above, that p = q−p+1≫ 1, the convergence criterion is approximately∣∣δφ0σ/φ20∣∣ < 1. (3.30)
Thus for δφ0/φ0 ≪ 1, the fragmentation rate will be finite even for σ larger than φ0.
4 Estimates of fragmentation in experiments
4.1 Afterglow experiments
Consider a chameleon afterglow experiment such as the one shown in figure 1. Photons are
streamed via entrance and exit windows through a vacuum chamber containing a magnetic
field B. Chameleon particles produced through photon oscillation in this magnetic field are
trapped inside the chamber if the chameleon effective mass in the chamber walls exceeds
the total energy of an individual chameleon particle inside the chamber. Trapped chameleon
particles regenerate photons through oscillation, implying a photon afterglow emitted by the
chamber even after the external photon source has been switched off. As shown in figure 1,
an external detector can be used to search for this afterglow, and, hence, to constrain the
underlying models.
Fragmentation can weaken the constraints of an afterglow experiment by converting
trapped high-energy chameleon particles into lower-energy particles whose regenerated pho-
tons are not energetic enough to be detected. There are three different processes in which
fragmentation could be significant:
1. propagation of a coherent chameleon state through the chamber;
2. reflection of such a state from the chamber wall;
3. interaction of two such states passing through one another.
The first two processes are one-state processes which can be approximated using (3.25) and
bounded using (3.26). As an example, assume |δφ/φ| = 10−5 for CHASE and estimate
m0 ∼ φ0 ∼ Λ. Then the p-dependent factor in (3.26) is
(
4× 10−16)p c22pa22p,p/p3. Since the
minimum p for the net production of one chameleon particle is ∼ 104, fragmentation within
the coherent state is entirely negligible. As we will show, δφ/φ decreases when the chameleon
state approaches a chamber wall, so that fragmentation during wall reflection should also be
small. In the next section we generalize this example, showing that the first two processes
in the list above should not contribute significantly to chameleon fragmentation in CHASE-
like experiments. Then we proceed to estimate the third of these processes in afterglow
experiments.
– 14 –
J
C
A
P02(2014)018
b)
B
B
a)
PMT
LASER
Figure 1. A simple model of an afterglow experiment, from [52]. a) Production phase. Photons
stream via entrance and exit windows through a vacuum chamber with magnetic field. Some photons
oscillate into chameleon particles, which reflect from the windows and are trapped inside the chamber.
b) Afterglow phase. The photon source is turned off and an external PMT detector is uncovered. The
population of trapped chameleons regenerates photons through oscillation. Some of these photons
emerge from the exit window and reach the PMT.
4.2 One-state fragmentation
Out of the quantities in (3.28), (3.30), σ is a parameter of the experiment while φ0 andm0 are
readily determined by minimizing the effective potential (2.4). The chameleon amplitude δφ
has a more complicated dependence on the particulars of the experiment. We will determine
the order of magnitude of δφ in experimentally relevant situations.
Let us a consider photons emitted by a powerful source of power Pγ with a cross
section S. The photon flux measured by the norm of the Poynting vector is Φ = Pγ/S where
Φ = k2A2γ (4.1)
and Aγ is the norm of the vector potential, implying that
Aγ =
√
Φ
k
(4.2)
corresponding to the amplitude of the photon wave packet. Assuming that the mixing
between chameleons and photons is small, the mixing angle is
θ =
kB
Mγm20
. (4.3)
The maximal amplitude of the chameleon wave packet is
δφ = 2θAγ . (4.4)
Using the fact that
m20 = n(n+ 1)
Λn+4
φn+20
(4.5)
we obtain
δφ
φ0
=
2
√
ΦB
n(n+ 1)MγΛn+1
φn+10 . (4.6)
Upon using
φn+10 =
nmPlΛ
n+4
βρ
(4.7)
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we get
δφ
φ0
=
βγ
β
2
√
ΦB
(n+ 1)ρ
(4.8)
where βγ =
mPl
Mγ
. Notice that this is independent of the energy of the photon beam and
depends essentially on the photon flux.
Let us now consider an experiment in which chameleons are created in a laboratory
vacuum before bouncing off a wall; the density is assumed to vary from ρb to ρc. When
approaching the wall, the chameleon mass interpolates between the vacuum one in a sparse
region with a density ρb to the one in a dense medium with density ρc. In the vicinity of
the wall, we have φ ≈ φc close enough to the wall. As the chameleon gets closer, its wave
function evolves as
δφ(x) =
√
πkx
α
Jα(kx)δφ∞ (4.9)
where
α = |2 + 3n
4 + 2n
| (4.10)
and δφ∞ is the amplitude far from the wall [48]. The wall is located at x = 0. Similarly the
background value is given by
φ0(x) = φW
(
1 +
mW |2 + n|√
2n(n+ 1)
x
)2/(n+2)
(4.11)
where φW = (1 + 1/n)φb and mW = meff(φW ) =
√
n(n+ 1)Λn+4φ−2−nW . For small kx, we
have
δφ
φ0
(x) ≈
√
π
α
δφ∞
Γ(1 + α)
α−α
(√
Λn+4
α
2 + n
k
)−2/(n+2)
(kx)2n/(n+2). (4.12)
The perturbation is always smaller close to the wall than in the bulk.
The result (3.26) applies to frames in which the chameleon particles are all non-
relativistic. By summing this expression over p and q we may explicitly compute the frag-
mentation rate within a chameleon coherent state in experiments such as CHASE, assuming
that the scatter σ in momentum is smaller than the mass. This formula should also apply
during a wall reflection, since the large chameleon mass near the wall means that the particles
are approximately non-relativistic in the laboratory frame around the time of the bounce.
Hence we can estimate the fragmentation rate for cavity experiments.
In practice we have
δφ
φ0
=
6 · 10−17g · cm−3
ρ
2βγ
(n+ 1)β
(4.13)
for a beam of power 106 W, a cross section of 1 cm2 and a magnetic field of 1 T. The density
of a gas at a pressure 10−8 mbar and temperature 1 K for instance corresponds to a density
of order 10−13 g/cm3 and δφ/φ0 ≪ 1.
In a cavity experiment of the finite size R ≈ 3 cm like for the CHASE oscillation
chamber, the chameleon has a lower bound on its mass mR ∼ 10−5 eV and an upper bound
φR = Λ
(
n(n+ 1)Λ2/m2R
)1/(n+2)
(4.14)
on the field VEV. The nonzero photon plasma frequency would impose a similar lower bound
on the difference between chameleon and photon masses, similarly decreasing mixing. The
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Figure 2. Fragmentation rate in CHASE for an n = 1 potential in a 5 Tesla magnetic field. (Left) The
rate (3.29) for βγ = βm = 10
10, as a function of the initial number of particles q − p and the number
of particles produced 2p − q, is strongly peaked. (Right) The rate maximized over p and q becomes
large for βm > 10
11.
mixing angle is then θ = kβγBM
−1
Pl m
−2
R for βγ = MPl/Mγ , where MPl = 2.4 × 1018GeV is
the reduced Planck mass. Using this value for the mixing angle, Pγ = 3 W for the power,
and S = 1 cm2 for the area of the beam, we find δφ/φR = 3 × 10−17βγ(B/1 T) for n = 1.
As CHASE probed the largest βγ using magnetic fields much smaller than 1 Tesla, δφ/φR is
many orders of magnitude smaller than unity in CHASE. Therefore, fragmentation due to
momentum dispersion σ ≪ m0 and wall collisions is negligible in afterglow experiments.
4.3 Two-state fragmentation and implications for CHASE
The remaining fragmentation process is the two-state interaction, similar to the two-particle
interaction discussed in [52]. A small δφ/φ0 can balance a large σ/φ0, making the overall
rate convergent. For example, assume n = 1, βγ = 10
11, m0 = 10
−5 eV, and σ = 2.33 eV
as in CHASE. Then (4.14) implies φ0 ∼ 0.1 eV, and for the B = 5 Tesla run, we have
δφ0/φ0 ∼ 10−5. The fragmentation rate (3.29) should be largest at small p and q, so consider
q = 5 and p = 3, the single-particle-production process with the lowest p and q. Assuming
cq ∼ 1, (3.29) gives a fragmentation rate ∼ 10−6 Hz for the volume of a photon pulse in
CHASE, which is many orders of magnitude below the chameleon decay rate for this model.
We now carry out a systematic estimate of the fragmentation rate in CHASE, and its
implications for CHASE constraints. The most commonly-considered potentials are λφ4/4!,
corresponding to n = −4, and Λ4 exp(Λ/φ), approximately corresponding to n = 1. The
CHASE results [47, 52] emphasize constraints on (i) a model-independent photon-coupled
particle which is trapped in the CHASE chamber and does not fragment; (ii) a photon-
coupled chameleon with n = 1, representative of positive-nmodels; and (iii) a photon-coupled
chameleon with n = −4, representative of negative-n models. We will focus on n = 1 and
n = −4 here. Since n = −4 has already been excluded by the Casimir constraints of [22, 65],
n = 1 is the most interesting case to consider.
As we will show, the CHASE excluded region for n = 1 chameleons is essentially un-
affected by fragmentation. As shown in figure 2 (left), the rate (3.29) as a function of q
and p is sharply peaked, with only a few other terms within an order of magnitude of the
largest term. Thus we are justified in approximating the total fragmentation rate by the
maximum of (3.29) over q and p. Figure 2 (right) shows this maximum rate as a function of
the chameleon matter and photon couplings. A comparison of the low-βm fragmentation rate
with figure 27 of [52] shows that the fragmentation rate will have a negligible effect on the
CHASE constraints. The B = 5 Tesla run is relevant for βγ < 10
12; larger βγ are excluded
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Figure 3. Fragmentation rate in CHASE for V (φ) = λφ4/4!. (Left) Rate for λ = 10−2.
(Right) For each λ, the fragmentation rate is below 1 Hz for models below and to the right of
the corresponding curve.
by lower-B runs. Meanwhile, fragmentation does not have a significant effect on constraints
until its rate exceeds ∼ 1 Hz, which for B = 5 Tesla is approximately βγ > 1013. At still
greater βγ , CHASE constraints come from lower and lower magnetic field data runs, all the
way down to B = 0.05 Tesla. This low-B run, in turn, overlaps considerably with the collider
constraints of [23]. Thus the overlap of many data runs with B varying over two orders of
magnitude means that fragmentation has only a negligible effect on the CHASE excluded
region for n = 1 models and βm . 10
11. Though constraints for βm & 10
11 are somewhat
weakened by fragmentation, experiments using atoms and cold neutrons [24–26] also exclude
that parameter region. More generally, for flat potentials n . 1, the background chameleon
field is large in the CHASE vacuum chamber, φ0 ≫ Λ, so that a small δφ0/φ0 suppresses the
fragmentation rate. In more steeply-falling potentials n & 2, φ0 is small and fragmentation
can be significant. We find that for n ≥ 2, fragmentation reduces the expected chameleon
population by several orders of magnitude, weakening constraints.
The n = −4 fragmentation calculation is somewhat trickier. If we consider only the
tree-level potential, then the Taylor expansion (2.7) for V (φ0+δφ) truncates at fourth order,
while all contributions to fragmentation come from terms of order five and higher. Our
approach is to expand the one-loop effective potential instead of the tree-level potential; for
small λ, this should be a reasonable estimate. We find that the fifth derivative of the potential
is V (5)(φ) = 3λ2/(16π2φ), hence
cq = (−1)q+1 3λ
2
16π2
(q − 5)!
q!
(4.15)
for q ≥ 5 in (2.7). Figure 3 shows the corresponding fragmentation rate in CHASE.
Since CHASE excludes a range of βγ for βm & 10
11 in this range of λ, it is evident from
figure 3 (right) that fragmentation in CHASE is negligible for λ ≤ 10−3 and small for
λ = 10−2. This conclusion is in qualitative agreement with the CHASE analysis [52]. Since
n = −4 is the only potential for which ref. [52] computed fragmentation rates, this case is an
important cross-check.
Although CHASE used a photon energy 2.33 eV≫ Λ and a photomultiplier tube (PMT)
detector sensitive only to energies & 1 eV, a future experiment could use an input photon
energy smaller than Λ and be sensitive to regenerated photons over a larger range of ener-
gies. Since we do not have a specific proposal in mind, we estimate the capabilities of such
an instrument by assuming a geometry identical to that of CHASE and a photon energy
of 10−4 eV. Such an experiment could push the constraints of CHASE to higher n. More
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Figure 4. Fragmentation rates in a hypothetical afterglow experiment with an input photon energy
of 10−4 eV and a CHASE-like geometry. (Left) n = 2. (Right) n = 4.
interestingly, for sufficiently steep potentials n≫ 1 the lower-energy detectors of this exper-
iment could see the lower-energy photons produced from fragmentation products, a unique
signature of scalar dark energy with a non-linear self-interaction. Figure 4 shows the frag-
mentation rate in such an experiment for n = 2 and n = 4. Since k ≪ Λ, fragmentation is
well-controlled even for n = 4, though it is noticably larger than for n = 2. The sensitivity
attainable in such an experiment is not yet known, but it is likely that for n ≥ 4, there are
models not excluded by CHASE whose fragmentation products could be detectable.
5 Conclusion
We have carried out a semiclassical computation in afterglow experiments of chameleon frag-
mentation, by which a few initial chameleon particles produce many lower-energy chameleon
particles. Our results are appropriate to coherent chameleon states, such as would be pro-
duced through oscillation from a laser pulse containing a large number of photons. The
interaction of two such coherent pulses facilitates fragmentation processes requiring high
center-of-mass energies, which dominate the total fragmentation rate.
Fragmentation is a quantum mechanical process, and we find, not surprisingly, that it
is suppressed in the “classical regime” where:
(i) the oscillation amplitude δφ about the VEV φ0 is small, |δφ/φ0| ≪ 1;
(ii) the center-of-mass momenta are small, |k/φ0| ≪ 1; or,
(iii) for inverse power law potentials V = Λ4(1 + Λn/φn), the field-dependent potential
V − Λ4 remains below the cutoff Λ4, that is, the VEV is large, |φ0/Λ| ≫ 1.
All of these contribute to the suppression of fragmentation in interactions between coherent
states in afterglow experiments. Equation (3.29) is our estimate of the fragmentation rate
due to the interaction between two coherent states.
Using these results, we have considered the implications of chameleon fragmentation for
completed as well as planned afterglow experiments. Exclusion limits set by the CHASE ex-
periment [47] at Fermilab in 2010 are essentially unaffected for the most commonly-considered
potentials, n = 1 and n = −4. Fragmentation rates for these two potentials are shown in
figures 2 and 3, respectively. In the n = −4 case, our calculation of the fragmentation rate
is consistent with the previous result of [52]. Meanwhile, for sufficiently large n the frag-
mentation rate is significant; we find that CHASE constraints are substantially weakened
for n ≥ 2.
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A future afterglow experiment could extend constraints to higher n by using lower
photon energies, suppressing fragmentation. Equipped with a detector sensitive to even
lower energies, it could potentially detect photons generated by fragmentation products, a
unique signature of non-linear self-interactions, as shown in figure 4. Meanwhile, further
theoretical work would be required to extend our results to helioscope experiments, which
search for photon-coupled chameleon particles emitted by the Sun. Although such chameleons
are produced incoherently, the large VEVs predicted in positive-power-law potentials, as well
as the small oscillation amplitudes associated with single-particle production, might still keep
fragmentation under control at typical solar chameleon energies ≈ 600 eV.
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